ABSTRACT This paper presents a new method to calculate the cogging torque of the permanent magnet synchronous machine under load condition. Combined with the mathematical expression of the cogging torque, it is found that the cogging torque will be influenced by the load. In order to accurately analyze the torque ripple of the motor at low speed and high torque operation and make it possible to reduce the cogging torque under load condition, it is necessary to calculate the cogging torque accurately. A calculation method for the on-load cogging torque of the PMSM, which the cross magnetization and core saturation have been taken into consideration, is proposed in this paper. The finite element analysis (FEA) and field-oriented control (FOC) contribute to the method, which mainly consists of three parts: elimination of the reluctance torque, calculation of the average torque, and the ripple torque and the separation of the cogging torque. By using this method, the cogging torques of a 16-pole/24-slot PMSM under different load conditions has been calculated. The result shows a very good agreement between simulation and experiment, which verifies the feasibility and effectiveness of the proposed method.
I. INTRODUCTION
Owing to the low loss and high torque density, permanent magnet synchronous machine (PMSM) have been widely used in military equipment, home and industrial applications [1] . However, the permanent magnet will cause the cogging torque, which will produce vibration and noise, and influence the control accuracy of the system. With the dual advantages of environmental protection and energy saving, the electric vehicle is the future urban transport system in the mobile element and PMSM is the most suitable for the electric vehicle owing to high torque density. However, the electric vehicle is frequently in a state of low speed and high torque in urban traffic environment, which means the impact of the cogging torque on the control performance of electric vehicle is very significant. In order to ensure the smooth The associate editor coordinating the review of this manuscript and approving it for publication was Gaolin Wang. operation of PMSM, many investigations have been carried out on the cogging torque [2] - [8] .
Many previous papers were focused on the analysis of the influence of stator and rotor structure on the cogging torque of PMSM [9] - [14] , such as the skewing technique [15] , [16] , different teeth widths [17] , [18] , slot-opening shift [19] , the asymmetric angles of magnetic pole [20] , pole-arc coefficient optimization [21] , permanent magnet segmentation [22] and pole shape optimization [23] . However, when the motor is loaded, the magnetic saturation state is aggravated, and the cogging torque is not only affected by the stator and rotor structure, but also by the load. Because motor usually works under rated load, the analysis of the influence of load on the cogging torque is essential, and the calculation method of on-load cogging torque has become one of the current research hotspots of PMSM.
Under load condition, four components mainly contribute to the output torque of the PMSM: average torque, reluctance torque, waveform torque and cogging torque [24] , [25] . The DC components of the output torque are the average torque and reluctance torque, which are both produced by the interaction of the permanent magnets and armature fields. And the ripple torque is the harmonic torque generated by the harmonic component of the back EMF. When machine is running with rated load or overload, the permanent magnets and armature fields influence each other and the remarkable local magnetic saturation appear at the inner surface of stator teeth and the outer surface of the rotor [26] , [27] . The motor parameters such as the back EMF and inductance are inevitably varied by the magnitude and phase angle of the armature current [28] - [30] . The frozen permeability (FP) method is a commonly used method for calculating motor parameters under load conditions. The key component of the FP method is that the permeability of each element under load condition is fixed and used to resolve the model linearly without electric loading. With the utilization of the FP method, many investigations have been carried out to analysis the cogging torque under load conditions [31] , [32] . In [33] , the torque is decomposed into four components by using the FEA along with the frozen permeability technique, and the variations in the machine parameters and the torque components are discussed by using the flux distributions separated according to origins. In addition, the on-load cogging torque is separated from the output torque in [34] , but the average of the calculated torque is not zero, which is not in accordance with the characteristics of the cogging torque. In order to accurately calculate the torque, an on-load cogging torque calculation method has been proposed in [35] , which is based on the virtual work principle in conjunction with the FP method. Although previously proposed methods can relative accurately obtain the cogging torque under load conditions, and its disadvantage is also obvious that the methods require multiple FEAs and cannot be verified by experiments. Another method is proposed in [36] , which is based on conformal mapping and magnetic equivalent circuits (CM-MEC) for on-load analysis of surface permanent magnet synchronous machine with integer slot and fractional slot windings. But the method needs to analyze the magnetic circuit, which is inconvenient to apply in practice. Hence, a method for on-load cogging torque calculation of PMSM, which has good robustness and the feasibility, is proposed in this paper.
In this paper, a PMSM with concentrated and fractional slot windings, which is a common motor structure, is used as an analysis model. First, the influence of the local magnetic field saturation on the cogging torque is analyzed by the FEA at rated-load condition. Next, a calculation method, which requires fewer FE calculations and is convenient to implement, is proposed for the on-load cogging torque of PMSM. During this procedure, the influence of the cross-magnetization on the permanent magnet field is analyzed and the elimination method of the reluctance torque is proposed by changing the phase of the phase current, which contribute to the calculation of the on-load cogging torque. Finally, the correlation between the cogging torque and the load is analyzed and the results of the analysis on the designed PMSM are compared with the measured results, which proves the availability of the proposed method.
II. ANALYSIS MODEL
In order to reveal the influence of the local magnetic field saturation and the cross-magnetization, as well as the accurate separation and analysis of the cogging torque under load, the investigations are carried out on a 24-slot/16-pole PMSM, whose cross section and parameters are given in Table 1 and Fig. 1 . All the load conditions are simulated by injecting currents to the stator windings, and the three-phase currents have the same frequency, amplitude and phase difference (120 degree). In particular, the PMSM is in the state of no-load when the current is zero. 
III. COGGING TORQUE ANALYSIS
Cogging torque is caused by the tangential component of the interaction force between permanent magnet and armature teeth, and it can be calculated by magnetic energy variation at no-load condition, which is shown as follow:
where W no−load is the magnetic energy of the machine at no-load condition, θ is the position angle of the rotor. To facilitate analysis, the following assumptions are made:
1) The permanent magnet is in the same magnetic permeability of air, and its magnetic energy is assumed to be constant; VOLUME 7, 2019 2) All permanent magnets are uniform in shape, size and performance;
3) When the iron core is saturated, the magnetic permeability is approximately the same as that of air. . 2 shows the relative position of permanent magnet and armature teeth. According to the first assumption, the magnetic energy in the motor is approximately stored in the air gap and permanent magnets. And the no-load cogging torque can be calculated by the following formulas:
where µ 0 is the magnetic permeability of air, B(θ, α) is the air gap flux density, B r (α) is the remnant flux density, h m (α) is the width of permanent magnet, δ(θ, α) is the air gap length of effective magnetic circuit. Fig. 3 shows the permeability distribution of the PMSM under different load condition. Under no-load condition, the relative permeability of the stator core is relatively high, and its distribution is uniform. Therefore, the effective air gap length δ and the no-load cogging torque are influenced by the structure of the slots. However, with the injecting of the rated-load current, the tooth-tips gradually become saturated at first and its relative permeability decreases accordingly. It means that the effective air gap length δ is also influenced by the load current. When injecting 2 times rated load, the saturation of the stator core is more significant, and the permeability of the tooth-tips is quite close to that of the air gap. Combined with (2) and (3), it is not difficult to get the conclusion that the cogging torque will change with load. In order to investigate the relationship between the cogging torque and the load, and to make it possible to reduce the cogging torque under load for further research, a calculation method for on-load cogging torque of PMSM needs to be studied.
IV. CALCULATION METHOD
Different from the no-load condition, the components of the output torque under load condition are more complicated. The on-load output torque of PMSM usually consists of four main parts: average torque, ripple torque, reluctance torque and cogging torque, when ignoring the friction torque. On the occasion of no-load, the cogging torque can be directly obtained from the FEA. However, in the case of load, it is very difficult to calculate the cogging torque directly because of the magnetic saturation of motor cores. In order to explore the change of cogging torque with load, a calculation method for on-load cogging torque of PMSM is proposed in this paper. Fig.4 presents a flowchart for the method to calculate the cogging torque extracted from the output torque at load operation. First, the reluctance torque can be eliminated by i d = 0 control, which considering the phase delay of permanent magnet field flux. Next, the appropriate currents are injected into the stator windings, and the average torque and ripple torque are calculated. Finally, cogging torque is extracted from the output torque, which is calculated by the FEA. For the sake of clarity, a 24-slot/16-pole permanent magnet machine is adopted to explain the process of the proposed method, and several important steps of which are described in detail in Sections IV-A-IV-C.
A. REMOVING THE RELUCTANCE TORQUE
The PMSM electromagnetic torque, in steady-state conditions, can be written as follow:
where T PM is the torque caused by the permanent magnet. T r is the reluctance torque. P is the number of pole pairs. ϕ PM is the permanent magnet flux linkage. L d and L q are the d-and q-axis inductances, respectively. i d and i q are the d-and q-axis currents, respectively. It can be seen from (4) that the reluctance torque is usually negligible when i d = 0. However, the phase of ϕ PM varies with load conditions according to the variation of the core saturation state. Because of the shifting of ϕ PM , the d-axis current is not equal to zero even if using i d = 0 control. output torque, the composed current vector should be perpendicular to the permanent magnet field flux by clockwise rotation. With the injection of suitable d-axis current, the daxis current becomes zero, as shown in Fig. 6 . With this approach and not changing the size of load, the d-and q-axis currents are modified as follow: Fig. 7(a) shows the A-axis permanent magnet flux linkage distributions for two operating states. Compared with the no-load operation, the phase of the permanent magnet flux linkage exists an offset at rated load. In order to obtain the phase error, a fast Fourier transform (FFT) analysis is used in this paper. The harmonics of the A-axis permanent magnet flux linkage are almost non-existent, and the phase error α is about 4.4 degree, as shown in Fig.7(b) . According to (5) , the reluctance torque is almost eliminated at rated load with i d = 1.34A, i q = 17.45A. 
B. CALCULATING THE AVERAGE TORQUE AND RIPPLE TORQUE
The average torque and ripple torque are produced by an armature reaction field between the magnetic flux of a permanent magnet and the magnetic flux resulting from stator winding current. For convenience of calculations, the sum of the average torque and ripple torque is called the permanent magnet torque, which is shown as follow:
The flux linkage of each phase consists of the permanent magnet flux linkage component and the flux linkage caused by inductance on the load operation. Then, the permanent magnet torque can be calculated as follows:
where T avg is the average torque. T w is the ripple torque. Based on (7) and (8), the permanent magnet torque with different currents are calculated by FEA and shown in Fig. 8 . It can be seen that, for each load condition, the number of fluctuations of the permanent magnet torque is 6 during one period of current waveform. The peak-to-peak value of the permanent magnet torque on i d = 0A and i q = 17.5A load is 0.44 Nm, which is slightly less than the one on i d = 1.34A and i q = 17.45A load. The reason for this phenomenon is illustrated in Section IV-A.
Because of the three-phase symmetry of the motor, this paper takes phase A as an example. The variation of e PMa and i a with current angle are shown in Fig. 9 . It is revealed that the phase difference of voltage and current is zero by considering the phase delay of the permanent magnet flux linkage. The For further investigation on the appearance of the fluctuations of the permanent magnet torque, e PMa , e PMb and e PMc are expanded, which is shown as follow: E mk sin(kωt + 1.5kπ) (9) where k is the harmonic order. E mk is the amplitude of the k-order of the back EMF. ω is the angular frequency.
Due to the symmetrical three-phase circuit, the stator current can be written as:
where I m is the amplitude of the phase current. Substituting (9) and (10) into (8) gives
The DC component of the permanent magnet torque is the average torque, and the AC component is the ripple torque, which are illustrated in (11) and Fig. 8 . In addition, the average torque and the rippled torque can be calculated by the preceding steps.
C. EXTRACTING COGGING TORQUE FROM THE OUTPUT TORQUE
Combined with the obtained average torque and rippled torque, the cogging torque is calculated by the formula as follow:
where T out is the output torque of motor, which may be precalculated by FEA. T is the remaining torque after removing permanent magnet torque in the output torque. Since the least common multiple between the number of slots and the number of poles is 48, and the pole number of the rotor is 16, the frequency of the cogging torque waveform is 6 times as great as that of the current waveform. The variation of T with current angle and the FFT result of T are shown in Fig. 11 . When i d = 0A and i q = 0A, the T is equal to the open-circuit cogging torque as a result of no current in stator windings. At rated load, it can be seen from Fig. 11(b) , the harmonic distribution of the T under i d = 0A and i q = 17.5A load is similar to that of the T under i d = 1.34A and i q = 17.45A load. The difference between these two load conditions is only the DC part. The DC part of the T under i d = 0A and i q = 17.5A load is non-zero and not negligible. The DC component is the reluctance torque caused by the magnetic saturation on the tooth of the stator core, which has been discussed in Section IV-A. The DC part of the T under i d = 1.34A and i q = 17.45A load is also non-zero, but it is markedly reduced. Due to the local saturation in the stator teeth of the motor, the flux linkage produced by armature current and permanent magnet flux are cross magnetized, and they have a shared magnetic circuit, which results in the DC part. Compared with the output torque, this part is very small, so it is not considered in this paper. Combined with the previous analysis, the average torque, ripple torque and reluctance torque have been calculated, which means the T is the cogging torque under rated-load condition. On this basis, it is obvious that the peak-to-peak of the rated-load cogging torque is higher than the one of the open-circuit cogging torque.
Due to the phase of stator current is used to eliminate the influence of reluctance torque, the method proposed in this paper can only measure the cogging torque under current with different amplitudes. To illustrate this situation, the torque T under no current and rated current with different phases are calculated by the method proposed in this paper Fig. 12 shows that the DC part of T changes with current phase when the rated current is injected into the stator winding. It is also noticed that the DC part of T is the smallest and negligible when the phase is 5 degree. In this paper, the reluctance torque can be eliminated by adjusting the phase of the current, which also means that the proposed on-load cogging torque calculation method is effective when the current is in a specific phase. This particular phase is obtained from the shifting angle of the permanent magnet flux linkage, which is illustrated in Section IV-A.
Similar to the rated-load condition, other load conditions are simulated by injecting appropriate currents to the stator windings. Due to the shifting of the PM flux linkage and the convenience of eliminating reluctance torque at load condition, the combination of id and iq can be obtained by (5), respectively. By using FFT, all the phase errors of fundamental component of A-axis PM flux linkage under different load conditions are shown in Fig. 13 . Based on the above results, the specific simulation currents under different load conditions are obtained in Table 2 .
In order to study the relationship between the cogging torque and the saturation state of the core, the cogging torque under different loads has been calculated by the proposed method, respectively. The cogging torques of PMSM ranging from zero to full load in percentage terms are shown in Fig. 14. As the load increases, the on-load cogging torques in case of overloading are shown in Fig. 15 . As can be seen from Fig. 16 , the cogging torque rises with the increase of load currents. Before the actual load reaches the rated value, the peak-to-peak value of the on-load cogging torque increases slowly with load. After it reaches the rated value, due to the local magnetic saturation in tooth-tips is much stronger, the increase speed of on-load cogging torque is more rapidly with load. 
V. EXPERIMENTAL VALIDATION A. EXPERIMENTAL MEASUREMENT METHOD FOR COGGING TORQUE
It is difficult to directly obtain the cogging torque of the PMSM under the load condition. However, the total output torque of the motor can be easily measured by the torque sensor. In addition, combined with the calculation method of on-load cogging torque under load conditions proposed in Sections IV, it can be found that the AC component of the output torque of the motor is mainly composed of ripple torque and cogging torque. Due to the structure of pole and slot number of the motor used in this paper, the period number of ripple torque and cogging torque are the same, which means the output torque can be shown as follows:
where T outAC is the AC component of output torque vector. T w is the ripple torque vector. T cog is the cogging torque vector. According to (10) and (11), the phase of ripple torque is 90 degrees ahead of that of cogging torque, which means that the cogging torque vector direction is the same as the d axis and the ripple torque vector direction is the same as the q axis. Therefore, the AC component of output torque can be decomposed orthogonally in Fig. 17 .
It can be seen from Fig. 17 that the cogging torque can be obtained by orthogonal decomposition of the T outAC on the d-q axis to remedy the lack of experimental measurement. 
B. EXPERIMENTAL VALIDATION
A prototype motor, whose parameters are consistent with the analysis model, has been manufactured to verify the effectiveness of the proposed separation method. Fig. 18 shows the photographs of the prototype motor and the experimental setup. The experimental setup is composed of three devices: the prototype motor, the servo motor and the torque meter. The torque meter achieves high accuracy, the static precision of the sensor is 0.5% N·m, and the measurement range is about ± 5 N·m. The rated speed of the prototype motor is 2000 rpm in this paper. Because the sampling frequency of the torque meter is relatively low, the data collected by the sensor cannot restore the torque waveform well when the prototype motor works at the rated speed. In addition, the lower the speed of the prototype motor, the better the torque waveform can be obtained. Therefore, the servo motor is used to run in the speed control mode to ensure that the prototype motor can run at a low and uniform speed. What's more, the lowest set speed of servo motor is 1 rpm, so the torque measurement experiments in this paper are all carried out with the speed of 1 rpm. The prototype motor operates in the constant torque mode, and the servo motor operates in the speed mode. The direction of the torque and the speed is the same. In this operating state, the servo motor is equivalent to the mechanical load of the prototype motor. By means of FOC, the value of mechanical load can be simulated by setting the d-and q-axis current of the motor.
The comparison of predicted and measured output torque is shown in Fig. 19 , and the result shows a great agreement, which can verify the validity of the simulation model. In addition, the measured cogging torque is obtained by the method illustrated in Section V-A, and the comparisons of measured and predicted torque are shown in Fig. 20 . Due to the limited sensor accuracy and manufacture errors, the peakto-peak value of the measured cogging torque and ripple torque slightly differs from the one of the predicted torque. However, the measured waveforms show similar variation trend with the predicted one. It can be also seen that ripple torque and cogging torque increase with the increase of load. From these results, the experiments validate the calculation method for on-load cogging torque of PMSM.
VI. CONCLUSION
In this paper, a calculation method for on-load cogging torque in PMSM has been proposed. The finite element analysis and field-oriented control contribute to the method, which the cross magnetization has been taken into account, and the reluctance torque is eliminated by changing the phase of the current. In addition, the average torque and the ripple torque are calculated by FEA, and thus the on-load cogging torque is separated from the output torque. What's more, the experimental measurement method of cogging torque of PMSM is also introduced in this paper. Although the proposed method is only effective when the current is in a specific phase, the proposed method requires fewer FE calculations and is convenient to implement compared with the existing methods. It is used to calculate the cogging torque of 24 slots and 16 poles PMSM under different load conditions, and the results show the change rule of cogging torque with load. The calculation method has been verified by the simulations and the experiments. The methods reported here will open up avenues for reducing the on-load cogging torque and torque ripple in the further research.
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